In a synthetic tomographic experiment, we succeeded to recover an idealized narrow mantle plume reaching deep into the lower mantle by using a misfit based on the instantaneous phase difference. A misfit based on simple cross-correlation traveltime shifts leaves the lower mantle part of the plume largely unresolved, despite the use of finite-frequency sensitivity kernels. The time-continuous and amplitude-independent instantaneous phase misfit allows us to measure the interaction between direct and diffracted waves as a function of time, which is difficult to capture by simple cross-correlation traveltime measurements. The diffracted waves arriving later than the main phase are essential to improve the tomographic result. The measurement of diffracted waves yields the necessary information to recover the plume correctly even in the lower mantle. The instantaneous phase measurement is ideal to capture this interaction, but other time-or frequency-dependent measurements may give similar results. We also investigated the effect of wavefront healing on cross-correlation traveltime shifts for a range of differently sized idealized mantle plumes. We confirm that wavefront healing severely reduces traveltime shifts when the plume conduit is considerably thinner than the width of the first Fresnel zone. For plume conduits with a diameter on the order of 100 km, even traveltime shifts measured at periods as short as T = 1 s are affected.
I N T RO D U C T I O N
suggested thin, hot plumes as a second mode of convection of the Earth's mantle besides the large scale convection related to plate tectonics. Assumed to develop from instabilities in the core-mantle thermal boundary layer and rising to the surface, mantle plumes are a possible explanation for intraplate volcanism observed at locations such as Hawaii and for locally increased basalt production along ridges as in Iceland. Plumes are postulated to consist of a narrow plume conduit connecting the plume head to the source region of the hot material. Indirect evidence in favour of the plume theory comes from geology, geochemistry as well as from numerical and laboratory fluid dynamics. However, alternative explanations for the surface observations cannot be ruled out (e.g. Foulger et al. 2005) .
While the plate mode has been well-documented by seismic tomography (e.g. Fukao et al. 2001) , results concerning mantle plumes are inconclusive. In the upper mantle, low seismic wave speed regions have been observed below many of the known hotspots in global and regional tomographic models (e.g. Wolfe et al. 1997; Allen et al. 2002; Christiansen et al. 2002; Ritsema & Allen 2003) . A small number of tomographic studies show the extension of upper mantle low velocity anomalies into the lower mantle using either dense regional networks (Bijwaard & Spakman 1999; Wolfe et al. 2009) or finite-frequency sensitivity kernels (Montelli et al. 2004 (Montelli et al. , 2006 . It is not established yet whether these low velocity observations can be unambiguously linked to mantle plumes.
The possibly small horizontal extent of plume conduits poses a challenge to tomographic methods especially in the lower mantle. Whenever a low velocity anomaly is not fully contained within the first Fresnel zone, seismic waves can diffract around it and interfere constructively with the directly travelling wave. The waveform of the directly travelling wave becomes distorted, which can lead to a decrease in the measurable time shift (Wielandt 1987; Nolet & Dahlen 2000; Malcolm & Trampert 2011) . This effect, referred to as wavefront healing, generally tends to become stronger with decreasing ratio of anomaly to Fresnel zone size and with increasing epicentral distance. If lower mantle plumes are on the order of 100 km in diameter, even high-frequency waves are affected by diffraction effects-the first Fresnel zone width of a T = 1 s P-wave exceeds 300 km in the lower mantle. Hwang et al. (2011) studied shear wave traveltime shifts for a range of possible plume geometries derived from geodynamic models. They conclude that wavefront healing renders plumes seismically invisible in the lower mantle, even at periods as short as T = 5 s. We agree with their analysis when simple traveltime measurements are used. They make it difficult to capture the details of the interference between direct and diffracted waves and therefore leave part of the available information unused.
In an idealized synthetic experiment, we confirm that traveltime shifts of deep mantle plumes are strongly reduced by wavefront healing when the width of the first Fresnel zone is considerably larger than the plume diameter. We perform an iterative adjoint inversion based on the measured traveltime shifts of such a narrow plume and do not succeed to recover the lower mantle part, despite the use of finite-frequency sensitivity kernels and a non-linear optimization scheme. A thicker plume with a diameter comparable to the width of the first Fresnel zone is well-recovered.
A better choice of a misfit function is the instantaneous phase difference (Bozdag et al. 2011) , a time-continuous, amplitudeindependent measure of phase differences between waveforms that can capture the details of the interference between diffracted and direct waves. Using this misfit and a sufficiently large measurement window to capture the diffracted waves, we show that an idealized mantle plume with a diameter significantly smaller than the width of the first Fresnel zone can be imaged correctly, in shape as well as in amplitude, even at depth.
M E T H O D

Numerical method
We simulated the forward and adjoint wavefields using the spectralelement code SES3D (Fichtner & Igel 2008) . It solves the weak form of the elastic wave equation on a hexahedral grid in spherical coordinates. SES3D is designed for regional-and continental-scale simulations, and easily adaptable to our purpose. At the model boundaries, waves are absorbed by a perfectly matched layer (PML) to suppress reflections.
Setup of the synthetic experiments
Model
We aim to study the lower mantle, which imposes certain requirements on the horizontal and vertical extent of the model volume. We defined it to extend to 2500 km in the vertical and 90
• in the latitudinal as well as in the longitudinal direction. The computational grid is divided into 108 × 108 × 36 elements in the latitudinal, longitudinal and vertical directions. This results in a maximum element size of approximately 90 × 90 × 70 km at the surface close to the equator. Moving away from the equator and with increasing depth, the element size decreases due to the spherical coordinate system. Each element contains 125 grid points on which the wave equation is discretized. To ensure a reliable solution, one wavelength should be discretized over at least two elements, which limits the minimum wavelength that can be accurately modelled to about λ = 180 km. In the case of P-waves, which we focus on in this study, an accurate simulation is ensured by using a minimum wave period of T = 25 s. This requirement is fulfilled by low-pass filtering the source-time function accordingly. The model parameters themselves are defined on blocks with a side length of 45 km, the model parameters are constant within each block. For the maximum epicentral distance of 80
• that we use in this study, rays reach a maximum depth of around 2300 km according to ray theory. As a starting model for the tomographic inversion we chose PREM (Dziewonski & Anderson 1981) with a uniform, 24 km thick crustal layer and no ocean. The minimum P-wave velocity is 6.8 km s −1 .
Implementation of the synthetic plume
The target model in which the data are calculated consists of PREM with a superimposed, centrally placed vertical cylinder of reduced P-wave velocity v p , which we refer to as 'plume' throughout this study. We are mainly interested in studying the lower part of plumes and consider this a sufficient approximation to a plume conduit, without worrying about the possible geometry of a plume head. Within the plume, v p is reduced by 5 per cent with respect to PREM. The boundaries of the cylinder are slightly smoothed by averaging over neighbouring model blocks to prevent strong velocity contrasts between discretization points. As long as the smoothing is moderate it does not affect the computed seismograms visibly. We confirmed this by testing various degrees of smoothing and inspecting the resulting seismograms. We studied plumes of different diameters, from 220 to 1000 km. The tomographic inversions are performed for plumes of diameter d = 300 km and d = 1000 km, using a dominant P-wave period of T = 25 s.
Source and receiver distribution
The source is modelled as an explosive point source which leads to a simple radiation pattern. We use two different source-receiver configurations throughout this paper ( Fig. 1 ):
(i) For the tomographic inversions, we want to ensure a good illumination of the plume at all depths from various angles. This is achieved by placing 12 seismic sources evenly around the plume, at distances of 40
• from the plume axis and at a depth of 10 km. Receivers are distributed in a random manner around the plume, with a maximum epicentral distance of 80
• . Because we want to test the limits of the resolution capabilities of different methods, we use 620 receivers which ensures a better plume illumination than would usually be achievable in a realistic tomographic inversion. We are here only imaging the P-wave velocity v p , and therefore all measurements are made on the vertical component of the seismograms.
To save computational resources, and because we are dealing with a problem that is approximately symmetric with respect to the plume axis, we actually compute the event kernels-volumetric sensitivities combining all sensitivity kernels for a single eventfor three of the sources only, marked red in Fig. 1(a) . Each of these three event kernels is then rotated with respect to the vertical axis by 90
• , 180
• and 270
• and the rotated and original kernels are superimposed, resulting in a misfit kernel consisting of 12 sources.
(ii) For the purpose of visualizing the spatial distribution of measurable misfits, we place one source at 40
• distance from the plume, and cover the whole model surface by a dense receiver grid with interstation-distances of about 1
• . By evaluating a chosen misfit measure at all receivers, we can visualize the spatial misfit distribution at the surface.
Inversion technique
We used a fully 3-D iterative algorithm to perform the non-linear tomographic inversion. The aim is to minimize a misfit function χ (m), which is defined in terms of a chosen measure of misfit between observed and synthetic seismograms, m is the vector of the current model parameters, in our case the P-wave velocity v p . We considered two misfit functions in this study, based on cross-correlation traveltime shifts and on the instantaneous phase difference, respectively.
We used a conjugate gradient algorithm (Fletcher & Reeves 1964) to minimize the misfit function, which has been successfully used in various tomographic studies (e.g. Tape et al. 2007; Fichtner et al. 2009 ). The conjugate gradient algorithm iteratively updates the starting model (PREM in our case) towards a model with a smaller misfit χ (m), using the information provided by the gradient g(m) of the misfit function. The gradient is calculated at every iteration step via the adjoint method (Tarantola 1984; Tromp et al. 2005; Fichtner et al. 2006) . We ended the iterative procedure when the value of the misfit function had decreased by 95 per cent with respect to the initial misfit.
We applied preconditioning to the gradient at each iteration step to improve the convergence of the conjugate gradient algorithm. By reducing the value of the gradient where it is extremely large, based on a threshold value, we accounted for the often high sensitivities in the immediate vicinity of sources and receivers, which are physically not justified and result from singularities. We furthermore applied Gaussian smoothing to the gradient at each iteration step, over a length scale of 200 km, approximately corresponding to the dominant wavelength. This is intended to prevent unresolved small-scale artefacts in the tomographic model.
M I S F I T 1 : C RO S S -C O R R E L AT I O N T R AV E LT I M E S H I F T S
Measurement of cross-correlation traveltime shifts for plumes of different diameter
We measured traveltime shifts t by cross-correlating the observed (PREM + plume) and synthetic (PREM alone) waveforms, which have been windowed using a cosine taper to isolate the P-wave. The length of the tapering window is 25 s, which corresponds to the dominant P-wave period of the forward wavefield. Because we are analysing P-waves, we performed the measurement on the vertical component only.
Prior to an inversion, we computed and compared traveltime shifts for a range of differently sized mantle plumes. For all plume diameters, we used a dominant P-wave period of T = 25 s, corresponding to a wavelength in the lower mantle of approximately λ = 300 km. The diameter of the first Fresnel zone at the maximum epicentral distance of 80
• reaches approximately 1400 km. We varied the plume diameter between 220 and 1000 km, covering a range expected to show different susceptibilities to wavefront healing. We performed a simulation of the forward wavefield for each plume model, using the dense receiver grid in Fig. 1(b) . Computing t at each receiver, we obtained a visual impression of the spatial distribution of traveltime shifts for the differently sized plumes. The upper panel of each subpart in Fig. 2 shows the misfit distribution.
The lower panel of each subpart in Fig. 2 shows the traveltime shifts at receivers behind the plume along the equator, as a function of epicentral distance. A decrease of t with increasing distance from the plume is observed for all plumes. This decrease is partly due to a decrease in the path length that the wave travels within the plume for increasing epicentral distance (see Fig. 3a for a cartoon), and partly due to wavefront healing. To estimate the influence of wavefront healing alone, we show for comparison the corresponding traveltime shifts without the influence of wavefront healing. The latter are estimated by replacing the plume with a vertical wall in latitudinal direction, having the same thickness as the plume. Waves cannot diffract around this wall, and the measured traveltime shifts are due to path differences alone. The cartoon in Fig. 3(b) shows how wavefront healing affects the traveltime for a plume, but not for a vertical wall of the same thickness as the plume. The strength of wavefront healing can then be estimated from the difference between the measured time shifts for the plume and the wall.
As documented by previous studies (e.g. Hung et al. 2001; Malcolm & Trampert 2011; Hwang et al. 2011) , the influence of wavefront healing on traveltime shifts increases with increasing epicentral distance as well as with decreasing plume diameter. For a plume of diameter d = 300 km, the traveltime shift has decreased by two-third due to wavefront healing already at 20
• behind the plume (Fig. 2b) . With increasing plume diameter, the strength of wavefront healing decreases. However, even for a plume of diameter d = 600 km, t is reduced by 50 per cent at the largest epicentral Fig. 1(b) . The dominant P-wave period is T = 25 s, the source depth is 10 km and the perturbation of the P-wave speed within the plume is −5 per cent with respect to PREM. The yellow star indicates the location of the source, the black circle the location and thickness of the plume. The measured time shifts at each station are indicated by the colour. Lower panel of subparts (a) to (f): Absolute value of the traveltime shifts for receivers located on the direct source-plume path along the equator (blue). For comparison, approximate traveltime shifts without the influence of wavefront healing are given (green). For the computation of the latter, the plume has been replaced by a vertical wall of the same thickness. The black dotted lines indicate the extent of the plume. For a plume of diameter smaller than the width of the first Fresnel zone, the diffracted waves interfere constructively with the direct wave at the receiver which can lead to wavefront healing. Right-hand side: If the plume is replaced by a vertical wall of the same thickness, no diffraction occurs and the direct wave, uninfluenced by wavefront healing, is measured. distance of 80
• (Fig. 2d) . A plume of diameter d = 1000 km is only weakly affected by wavefront healing for the range of epicentral distances considered in our experiment (Fig. 2f) . Although the maximum width of the first Fresnel zone still exceeds the plume diameter in this case, the diffracted waves do not severely distort the waveforms anymore. For a plume of diameter d = 220 km, which is below the dominant wavelength in the lower mantle, wavefront healing is very strong. We even observe lines of weakly positive traveltime shifts surrounding the area of negative traveltime shifts, indicating strong diffraction effects (Fig. 2a) . 
Inversion of the traveltime shifts
The misfit function χ (m) for cross-correlation traveltime shifts t is defined as
where i denotes the receiver index and N the total number of receivers. The corresponding adjoint source f † (x, t, m) is computed as (Luo & Schuster 1991; Tromp et al. 2005 ) (2) where T is the end time of the forward simulation.
We used a conjugate gradient algorithm to minimize the crosscorrelation misfit function in eq. (1). We performed the inversion for a plume of diameter d = 300 km, using the source-receiver configuration in Fig. 1 (a) which ensures a good plume illumination at all depths. The plume diameter is significantly smaller than the maximum width of the first Fresnel zone at the dominant period of T = 25 s. The latter has a width of approximately 1400 km in the lower mantle. For comparison, we perform the same inversion for the larger plume of diameter d = 1000 km as well, which is barely affected by wavefront healing.
If wavefront healing can be accounted for by the use of finitefrequency kernels, we expect both plumes to be recovered reasonably well in the tomographic inversion. We stopped the inversions when χ (m) had been reduced by 95 per cent with respect to the initial misfit χ (m 0 ). This was the case after 15 iterations for the d = 300 km plume and after 10 iterations for the d = 1000 km plume.
On the left hand side of Fig. 4 , we show the original plumes which have been used to generate the observed data. On the right hand side, the corresponding final tomographic models are presented. The figure displays the relative P-wave velocity perturbation v p with respect to PREM in a cross-section through the equatorial plane. The colour scale is adjusted to show only those parts of the plume which are imaged with at least 20 per cent of the original velocity perturbation. The apparent thickening of the plumes towards the bottom results from the cartesian coordinate system that is used for plotting, while the actual model is defined in a spherical coordinate system.
It is clearly visible that the loss of information due to wavefront healing is reflected in the tomographic model of the thinner plume. It can only be considered well-resolved within the upper 500 km of the mantle. Down to 1200 km, part of the plume is recovered with at least 20 per cent of its original amplitude. Below that depth, the plume could not be recovered. The thicker plume is recovered well throughout the whole depth of the model. In the lowermost 500 km, the plume is slightly broadened and weakened compared to the original plume.
Discussion of traveltime results
As the tomographic model in Fig. 4 (a) shows, we cannot image mantle plumes of a diameter much smaller than the size of the first Fresnel zone with simple traveltime shifts. Despite the use of fully 3-D wave propagation, an idealized source-receiver configuration and finite-frequency sensitivity kernels, wavefront healing is not properly accounted for.
Simple cross-correlation measurements give only one value to describe the difference between the waveforms over the length of the measurement window. In fact there are different waves arriving within the P-wave window (the diffracted and the direct waves), but we are unable to distinguish their individual arrivals with a single measurement. The cross-correlation measurement implicitly makes the assumption of a constant time shift over the whole length of the P-wave window. As a result, the inversion algorithm converges towards an anomaly which is large enough to be consistent with such a constant time shift, leading to a recovered anomaly determined by the size of the first Fresnel zone. Due to an increase of the volume of the Fresnel zone and a decrease of time shifts with increasing epicentral distance, the deeper part of the d = 300 km plume is strongly broadened and weakened with respect to the original plume. The d = 1000 km plume (Fig. 4b) is well-recovered, the slight broadening and weakening in the lowermost part can be explained by the slightly smaller plume diameter compared to the first Fresnel zone width at this depth.
We can scale these results, which are derived at rather long periods and for a thick plume, to shorter periods and a thinner plume. The influence of diffraction effects on cross-correlation traveltimes is dependent on the ratio of anomaly width d to Fresnel zone width d F (Hung et al. 2001; Baig et al. 2003) . The Fresnel zone width d F for a given epicentral distance is proportional to the square root of the wavelength: d F ∝ √ λ. Our tomographic result for a plume of diameter d = 300 km and a dominant P-wave period of T = 25 s is therefore similar to a d = 100 km plume and a dominant P-wave period of T = 3 s, as their respective ratios d/d F are comparable.
M I S F I T 2 : I N S TA N TA N E O U S P H A S E D I F F E R E N C E
Motivation for choosing the instantaneous phase difference
The results from the traveltime based inversion indicate that it is not sufficient to characterize the misfit between waveforms in the presence of diffraction effects by only one single traveltime measurement. To capture the details of the interaction between diffracted and direct waves, a measurement is required that can account for complexities within the measurement window. Such a measurement also enables us to take those diffracted waves into account which arrive later than the main phase, simply by extending the measurement window. Extending the measurement window for a cross-correlation measurement will not result in improvements, because the measured traveltime shift will still be dominated by the high-amplitude parts of the signal.
An ideal misfit for our purpose in this synthetic experiment is the instantaneous phase misfit (Bozdag et al. 2011) . It is derived in the time domain and provides a time-dependent measure of the phase difference, independent of amplitude. The last property is of great importance, because it enables us to consider the phase information contained in lower-amplitude parts of the signal in the tomographic inversion with an equal weight compared to main phases. A further advantage of a pure phase measurement is that it is less non-linear with respect to the model parameters that we invert for, compared to misfits that mix phase and amplitude information. This improves the convergence of the misfit function towards its (global) minimum during the iterative inversion.
The instantaneous phase misfit is not the only possible choice, other misfits designed to extract more information from waveforms include:
(i) Time-frequency misfits which are used by Fichtner et al. (2009) . They are similar to the instantaneous phase misfit, with the difference that the latter is derived purely in the time-domain. We therefore avoid a transformation to the time frequency domain which involves an averaging process imposed by the width of the sliding window.
(ii) Multitaper measurements which are used by Tape et al. (2009 Tape et al. ( , 2010 for time windows automatically selected by FLEXWIN ). The measurement is aimed at obtaining the frequency-dependent transfer function which transforms the synthetic waveform within each selected time window into the observed waveform.
(iii) Cross-correlation measurements at multiple frequency bands (Sigloch & Nolet 2006; Sigloch et al. 2008) .
(iv) Waveform difference misfits (e.g. Tarantola 1984; Tromp et al. 2005) , which are the most straightforward measurement by substracting one seismogram from the other and inverting for the L 2 -norm of the time-dependent difference. It has not proven suitable for our purposes, mainly because it mixes amplitude and phase information which results in strongly non-linear behaviour of the measurement with respect to the model parameters (Luo & Schuster 1991) . It is furthermore dominated by the high amplitudes of the signal, favouring the direct rather than the diffracted wave.
We chose the instantaneous phase misfit because its implicit amplitude-independent and high time resolution are not easily achievable by other misfits. The instantaneous phase misfit has, to our knowledge, not been applied to actual tomographic inversions previously. Although the concept of the instantaneous phase has been known for decades, it has mainly been used for visualization purposes in exploration seismics (Taner et al. 1979; Barnes 2007) . The theoretical framework necessary to use the instantaneous phase difference in adjoint tomography has been derived by Bozdag et al. (2011) . They present Fréchet kernels based on instantaneous phase misfits in their paper.
Theory: mathematical derivation of the instantaneous phase difference
Because a real-valued seismic time-series u(t) cannot simply be assigned a phase at an instant in time, we compute the complex analytical signal a(t), which has the original signal u(t) as real part and the negative of its Hilbert transform H[u(t) ] as imaginary part
The Hilbert transform H [u(t) ] is a phase shifted version of u(t), with each frequency shifted by π 2 . Being a complex signal, a(t) may be written in exponential form
which naturally defines a time-dependent phase φ(t) and amplitude A(t)
φ(t) is referred to as the instantaneous phase and A(t) as the instantaneous amplitude or envelope of u(t).
To define a misfit function, we need to consider the instantaneous phase difference between two signals u 1 (t) and u 2 (t). We multiply the complex conjugate of the first analytical signal a 1 (t) with the second analytical signal a 2 (t)
Dividing (7) by the product of the envelopes A 1 (t)A 2 (t) results in a complex signal a p (t), containing the amplitude-independent instantaneous phase difference φ(t) = φ 2 (t) − φ 1 (t) of the two signals
In principle, we can now extract φ(t) by
Based on φ(t), we can define a misfit function χ (m) similar to the traveltime misfit function, which contains the squared L 2 -norm of φ(t) at all receivers i.
The adjoint source f † i (x i , t, m) at one receiver with index i and position x i for this misfit function can be expressed as (Bozdag et al. 2011 )
and the combined adjoint source for all N receivers results as
The adjoint source implicitly accounts for amplitude variations in the seismograms through division by the squared envelope
For the same phase difference, low amplitude phases obtain a larger weight compared to high amplitude phases in the adjoint source. This results in amplitude-independent Fréchet kernels when the adjoint wavefield interacts with the forward wavefield. In practice however, we have to introduce an amplitudedependent water level to prevent the magnification of noise and to suppress discontinuities in φ(t), which would otherwise dominate the Fréchet kernels.
Practice: regularization of the instantaneous phase difference
The computation of the instantaneous phase difference φ(t) between two signals u 1 (t) and u 2 (t) is straightforward in theory, however in practice care has to be taken. The instantaneous phase difference can be discontinuous due to phase jumps. The arctangent function is uniquely defined only within the interval [− ], which imposes the requirement that the two signals u 1 (t) and u 2 (t) have to be close enough, so that φ(t) is confined to this interval throughout the measurement window. Because we are dealing with broad-band signals, it can occur that φ(t) exceeds this interval, even when the two signals appear similar visually.
We identified two main scenarios that cause discontinuities in φ(t), and present solutions to suppress them:
(i) One reason for the occurrence of phase jumps is that the beginning of each new instantaneous phase cycle is determined by a zero crossing of the signal u(t), from positive to negative. For the larger amplitude parts of two sufficiently similar signals u 1 (t) and u 2 (t), these zero crossings of both signals usually occur close enough to ensure that both signals enter a new cycle before their instantaneous phase difference exceeds ± π 2 . In very low amplitude parts of the signals, however, noise or interference effects can locally distort one of the signals sufficiently to prevent the zero crossing and the beginning of a new cycle, while the other signal enters a new cycle. This causes φ(t) to exceed ± π 2 and results in a discontinuity which introduces a large error in the measurement.
The example in Fig. 5(a) shows such a scenario. Although both waveforms appear very similar, a phase jump occurs. The resulting instantaneous phase difference φ(t) contains a large discontinuity, which renders it unusable for the inversion. In the lowermost plot of the same figure, we see that the envelope of the signal is very small at the location of the phase jump.
We found that as long as the two signals are similar in general, phase jumps of this type are confined to the parts of the signal where the envelope almost reaches zero. We can resolve this problem by defining an envelope water level b, the square of which we add to the product of the envelopes in the denominator of eq. (8) a p = a * 1 (t)a 2 (t) A 1 (t)A 2 (t) + b 2 = e i(φ 2 (t)−φ 1 (t)) .
As a result, φ(t) is damped smoothly in the critical low-envelope regions, as is shown in the example in Fig. 5(a) , and the signal remains usable for the inversion. It remains to choose a suitable value for b which provides enough damping to suppress the phase jumps, but leaves as much as possible of the remaining signal unchanged. In our case of noise-free, synthetic data, we chose b = 5 per cent of the maximum P-wave amplitude of the respective seismogram. In the case of noise-affected real data, b can be increased to damp the influence of noise on the measurement.
(ii) A different type of phase jump is shown in Fig. 5(b) . Although most of the signal is confined to the ± π 2 -interval, a small perturbation in the signal which already has a considerable phase difference can cause φ(t) to grow out of the interval limits. This case is different from the previous one, here both signals are within the same instantaneous phase cycle, but the phase difference locally grows too large. A solution which still allows us to work with this signal is the use of the arcsine instead of the arctangent when φ(t) is extracted from eq. (8)
The difference is that the arcsine, although like the arctangent only uniquely defined within the ± π 2 -interval, does not switch sign as soon as the value grows out of the interval limits. Instead, the phase difference is symmetric around the values ± π 2 . This will still result in a small error in the measured instantaneous phase difference, but it does not lead to a phase jump of π as soon as φ(t) grows too large. Obviously this solution is not ideal when too many phase jumps occur in a signal. In that case a better solution could be to unwrap the phase difference through shifting φ(t) by ±π whenever a phase jump of this type is detected. To automate this process, however, care has to be taken that all phase jumps of the first type (due to missed zero crossings) are properly removed before unwrapping, otherwise even larger errors can be introduced.
Although these two techniques of avoiding discontinuities in φ(t) do leave small errors in the measured instantaneous phase difference, they keep it sufficiently well-behaved. That makes it possible to use the instantaneous phase difference as a misfit function in the following inversions, without having to interfere manually during the iterative procedure. The convergence rate of the misfit function is comparable to the cross-correlation case, indicating that no substantial errors are introduced into the kernels.
Spatial distribution of the instantaneous phase misfit depending on the measurement window
The instantaneous phase difference allows a measurement for arbitrary parts of the seismograms, provided the signals resemble each other sufficiently to confine φ(t) to the ± π 2 interval limits. We can, similar to the traveltime case in Section 3.1, visualize the spatial distribution of the instantaneous phase misfit by performing a forward simulation using the dense receiver grid in Fig. 1(b) .
We computed the misfit for a d = 300 km plume, comparing the spatial misfit distribution for two different measurement windows. In the first case, we used the same window (the 25 s P-wave window) as we did in the inversion based on cross-correlation traveltime shifts. In the second case, we extended the measurement window to not only cover the P-wave itself, but part of the later-arriving signal as well. This window extends until the arrival of the surfacereflected PP-wave (which is excluded). It covers a large part of the plume-diffracted P-waves, which arrive later than the main phase at receivers with larger azimuth. We excluded the surface-reflected PP-wave and the later-arriving phases to keep the experiment simple, and because we are specifically aiming at improving the recovery of the deeper part of the plume, which the surface-reflected waves do not traverse. Fig. 6(a) shows the L 2 -norm || φ(t)|| of the instantaneous phase difference at each receiver for the same P-wave window as in the cross-correlation case. The spatial distribution of receivers where the misfit is non-zero is similar as in the cross-correlation case. However, the norm of the instantaneous phase difference decreases Figure 6 . Spatial distribution of the L 2 -norm of the instantaneous difference || φ(t)||, measured using the dense station network in Fig. 1(b) : (a) For the same P-wave window as in the cross-correlation case; (b) for an extended P-wave window, reaching up to the onset of the PP-wave. more slowly with increasing epicentral distance compared to the cross-correlation traveltime shifts for a plume diameter of 300 km. Fig. 6(b) shows the misfit for the extended window, using the signal up to the onset of the PP-wave. The number of receivers with a non-zero misfit has increased, now including receivers at larger azimuth. Above a certain receiver azimuth, the diffracted waves arrive later than the direct P-wave as a result of their longer ray path. These waves are covered by the extended window. There is a distinct periodic pattern notable in the spatial misfit distribution, reflecting the periodic sensitivity pattern of the higher Fresnel zones of the Fréchet kernels. Fig. 7 presents two examples for the computation of instantaneous phase difference and adjoint source from the observed and synthetic signals, using the extended measurement window up to the onset of the PP-wave. The first example in Fig. 7(a) is for a receiver located behind the plume, in line with the source and the plume axis. The two seismograms are slightly time shifted with respect to each other over the whole signal length. The instantaneous phase measurement reveals the time-dependence of the phase shift within the measurement window. Even over the length of the main Pwave, the phase difference varies. It is larger at the beginning and decreases towards the end. The highest amplitudes of the adjoint source coincide with the low-amplitude parts of the seismograms.
Two examples of instantaneous phase measurements
The example in Fig. 7(b) is for a receiver with a larger azimuth. Visually, the largest difference between both seismograms extends from the end of the main P-wave into the lower-amplitude part of the signal and is caused by an interfering diffracted wave perturbing the waveform. The instantaneous phase difference extracts this information accurately as a function of time. A cross-correlation measurement however, even if the window covers the diffracted waves, would measure a zero time shift. The highest-amplitude part of the P-wave, which is not time-shifted, will dominate the measurement.
Inspecting the adjoint sources in Fig. 7 , we note that they contain higher frequencies than the original seismograms do. This is because the time-dependent instantaneous phase difference can vary at a higher frequency than the dominant frequency of the signals.
These faster oscillations are mapped into the adjoint source. Because our wavefield simulations can be considered accurate only for periods above T = 25 s, the higher-frequency adjoint source introduces a certain amount of noise into the Fréchet kernels. To avoid the possible manifestation of small-scale artefacts during the inversion, we applied Gaussian smoothing to the gradient over a length scale corresponding to the dominant wavelength at each iteration step.
Inversion using the instantaneous phase difference
We applied the same inversion procedure as in the cross-correlation case, except that now we minimized the instantaneous phase misfit function in eq. (10), using the corresponding adjoint source in eq. (12). We performed the inversion for two different measurement windows of different length. First the same P-wave window as in the cross-correlation case, and then the extended window up to the onset of the PP-wave. We again ended the iterative algorithm when the value of χ (m) had decreased by 95 per cent compared to the initial value. Fig. 8(a) shows the original plume which we used to generate the data and, for comparison, Fig. 8(b) again shows the final tomographic model resulting from the cross-correlation based inversion. In Fig. 8(c) , we present the resulting tomographic model using instantaneous phases measurements of the 'short' 25 s P-wave window. We note a significant improvement in the recovery of the plume compared to the traveltime based model. Down to a depth of 1000 km the plume is resolved with more than 50 per cent of its original velocity perturbation. Below 1200 km however, the plume is still recovered much weaker compared to the original plume. Fig. 8(d) shows the final tomographic model using the extended P-wave window, taking into account more of the diffracted wave field. Although slightly weaker in amplitude and thinner in diameter in the lower mantle compared to the original plume, the plume is well-constrained throughout the whole depth of the model. Fig. 9 shows the evolution of the tomographic model and the corresponding spatial misfit distribution at different iteration steps.
Regarding the convergence of the misfit function, we note that the instantaneous phase misfit for the extended window converges slightly slower compared to the inversions based on just the P-wave window. 15 iterations had to be performed for the P-wave window and 17 for the extended window to reduce the misfit by 95 per cent with respect to the initial value. Considering the larger amount of information extracted from the seismograms, the instantaneous phase misfit does not appear to behave more non-linear with respect to the model parameters than the cross-correlation misfit function does.
Discussion of the instantaneous phase results
The instantaneous phase measurement captures finite-frequency effects significantly better than simple cross-correlation measurements can. The consideration of later-arriving diffracted waves makes it possible to recover the idealized mantle plume, although its diameter is only a fraction of the width of the first Fresnel zone.
The direct comparison of the two misfit functions using the same 'short' P-wave window (Figs 8b and c) reveals that simple traveltime measurements leave part of the available information unused, due to their inability to measure phase differences as a function of time. The instantaneous phase difference is able to capture these time-dependent phase variations, which result from the interference of direct and diffracted waves. This information is mapped into the Fréchet kernel and helps to, at least partly, account for these interference effects in the inversion. Information on the deep part of the plume appears to be found later in the P-wave coda.
An advantage of the instantaneous phase misfit is that the measurement window can be extended arbitrarily. Later-arriving diffracted waves can be considered in the measurement. Due to the amplitude-independence of the instantaneous phase, they contribute with a similar weight to the total value of the misfit function as the main phases do. The measurement of the later-arriving diffracted waves imposes strong constraints on the plume diameter even at depth. A mis-placed and mis-sized plume even in the deep mantle causes a large misfit at receivers where the later-arriving, diffracted waves are recorded. This misfit can only be accounted for by a correctly constrained plume.
As we can infer from the left-hand panel of Fig. 9 , the shape of the plume is well-constrained from the beginning of the iterative procedure by the diffracted waves. The consideration of the diffracted waves forces the iterative algorithm to keep the plume narrow at all depths and to steadily increase its amplitude over the course of the iterations. Both the correct amplitude and shape are required to reduce the misfit of the direct as well as the diffracted waves. The spatial misfit distribution in the right-hand panel of Fig. 9 shows how the misfit is reduced at all receivers relatively evenly while the amplitude of the velocity perturbation increases.
To intuitively understand the ability of diffracted waves to constrain the plume at depth, it is helpful to analyse the structure of the Fréchet kernels. A classic traveltime Fréchet kernel for a body wave consist of a central first Fresnel zone surrounded by multiple higher Fresnel zones, which decrease in thickness with increasing Fresnel zone order. Each Fresnel zone represents a time window of half a wave period length, in which the adjoint wavefield and the forward wavefield alternately interfere either constructively or destructively. In the case of simple cross-correlation traveltime measurements, the largest amplitudes of the forward and adjoint wavefield interact within the first Fresnel zone, which consequently has the highest sensitivity. The reason is that cross-correlation measurements are dominated by high amplitudes, and as a result the seismogram and the (not time-reversed) adjoint source have their respective maximum amplitudes within less than half a wave period difference. Figure 10 . Horizontal slice at a depth of 1600 km through the Fréchet kernel for a cross-correlation P-wave measurement, measured at a receiver located behind the plume. The diffracted wave arrives within the P-wave window, the plume (black circle) is contained within the first Fresnel zone of the kernel. The source is denoted by the yellow star, the receiver by the green dot.
An example is given in Fig. 10 for a sensitivity kernel based on a P-wave cross-correlation traveltime measurement.
The Fréchet kernel for the more complex measurement of the instantaneous phase difference can have a different appearance, in particular can it have the highest sensitivity in higher-order Fresnel zones. When we perform an instantaneous phase measurement of a later-arriving, diffracted wave as in Fig. 7(b) , the maximum amplitude of the seismogram (which is the P-wave) and the maximum amplitude of the adjoint source (which is the diffracted wave) are time-shifted with respect to each other by more than half a wave period, which is due to the later-arriving diffracted wave and the amplitude-independence of the instantaneous phase measurement. During the adjoint simulation, the largest amplitudes of the forward and the adjoint wavefield interact with each other in higher order Fresnel zones. The later the diffracted wave arrives relative to the main P-wave, the higher is the order of the Fresnel zone which is most sensitive to the plume. In Fig. 11 , we present such a Fréchet kernel. The highest sensitivity of the Fréchet kernel coincides with the Fresnel zone(s) containing the plume. The finer sensitivity Figure 11 . Horizontal slice at a depth of 1400 km through the Fréchet kernel for an instantaneous phase measurement, measured at a receiver with larger azimuth. The diffracted wave arrives later than the P-wave does, the plume (black circle) is located within higher order Fresnel zones of the kernel. The source is denoted by the yellow star, the receiver by the green dot. pattern of the higher-order Fresnel zones is the reason for their ability to spatially constrain an anomaly which is below the width of the first Fresnel zone.
Although this explanation might be somewhat over-simplified due to the complex interaction process of forward and adjoint wavefield, it is clear that the misfit resulting from the diffracted waves requires a correctly located and sized plume to be accounted for, while the direct waves allow a larger tolerance in the position and dimension of the plume within the first Fresnel zone without a large influence on the misfit.
As a sidenote, we also investigated the case of a plume with a fast instead of a slow velocity perturbation and otherwise identical properties. We did not notice qualitative differences compared to a slow plume.
T O WA R D S T H E U S E O F T H E I N S TA N TA N E O U S P H A S E M I S F I T W I T H R E A L S E I S M I C DATA
The effect of noise on the instantaneous phase misfit
While the synthetic experiments in the preceding sections have been performed on noise-free seismograms with the aim to assess and compare the different misfits, in this section we present results which demonstrate that the better resolution capabilities of the instantaneous phase misfit still persist in the presence of noise.
We first investigated the effect of random noise on the instantaneous phase measurement and on the resulting tomographic model. We generated a trace of Gaussian-distributed white noise for each observed seismogram, which was low-pass filtered at a cut-off period of T = 25 s. We scaled the amplitude of the noise traces to 10 per cent of the P-wave amplitude at an epicentral distance of 40
• and superimposed them on the observed seismograms. Depending on the receiver location, the amplitude of the random noise is comparable or larger than the amplitude of the low-amplitude diffracted waves whose accurate measurement we assume to be important for the better resolution capabilities of the instantaneous phase misfit. The upper panels of Figs 12(a) and (b) show examples of seismograms recorded at a receiver where a diffracted wave arrives in the later part of the P-wave, before and after the random noise trace was added. With the added noise, the diffracted wave is not clearly identifiable anymore, and the measured instantaneous phase difference and resulting adjoint source differ considerably from the noise-free case.
Inverting the instantaneous phase difference of the extended Pwave window for these noisy observed seismograms, we obtained a tomographic model which resolves the plume nearly as well as when noise-free seismograms were used (see lower panel in Fig. 12b ). While this seems surprising at first, the explanation is simple: The noise propagates into the sensitivity kernels, but due to its random nature the noise of the individual kernels does not interfere constructively when they are combined to form the misfit kernel. The contributions related to random noise cancel out to a large extent, while the contributions related to real structure interfere constructively. While the number of iterations required to recover the plume was comparable to the noise-free case, we noted that the value of the misfit function χ (m) converged towards a value representing the random noise part of the measured misfit. This is desirable, indicating that the remaining misfit did not propagate into the tomographic model as mis-placed structure. In our experiment, we could reduce χ (m) to about 50 per cent of its initial value.
In the next step, we investigated the influence of correlated noise. We again used PREM as initial model in the inversion, but this time without the crustal layer which has so far been present in the target model as well as in the initial model. In this experiment, we furthermore changed the source depth to 200 km to introduce the effect of the missing crust only at the location of the receivers and not at location of the source. The crustal layer is a uniform, 24 km thick layer of lower wavespeed with respect to the underlying mantle. We replaced it by extending the underlying mantle's properties to the surface. The absence of the crustal layer in the initial model leads to larger differences in phase as well as in amplitude between observed and reference seismograms. The upper panel of Fig. 12(c) shows that the instantaneous phase difference is now dominated by effects caused by the absence of the crustal layer. In addition, the random noise trace of the previous experiment was added to the observed data.
The crustal layer is too thin to be recovered by the iterative inversion procedure, due to the Gaussian smoothing over a lengthscale of approximately 200 km which is applied to the gradient. The difference in the seismograms can therefore be considered as correlated noise caused by unknown crustal structure. Such noise is expected to be more problematic than random noise, because the contributions of the correlated noise in the individual sensitivity kernels do not necessarily cancel out when they are combined to form the misfit kernel but instead, due to being correlated, might interfere constructively and introduce structure in wrong areas of the model.
Inverting the instantaneous phase difference affected by both random and correlated noise, we still succeeded to recover the plume to full depth (lower panel in Fig. 12c ). Some additional structure was introduced mainly in the upper mantle, at the edges of the model. Some weaker mis-placed structure appeared in the tomographic model, but is hardly visible. What is important to note is that despite being concealed by noise in the seismograms, the information about the plume is still extracted correctly by the instantaneous phasebased sensitivity kernels. This is of great practical relevance, as the crustal model is often not well known in tomographic inversions, giving raise to correlated noise.
Other factors to consider
While the presence of random as well as correlated noise in the data is probably the largest concern when it comes to transitioning the synthetic experiment to an experiment based on real data, there are other issues which need to be considered. The most severe concern might be that the distribution of seismic events and receivers in most plume-suspected regions is far from perfect. In most cases, full-waveform tomographic methods rely on a smaller number of seismic records than traditional methods. However, large gaps in the receiver distribution or a biased distribution of seismic events might lead to artefacts in the tomographic model which could be misinterpreted as imaged structure. A careful selection of stations and events is therefore essential. The chosen data should have a high signal-to-noise ratio and sample the area as evenly as possible.
While in the synthetic experiments the mantle structure of the initial model is, apart from the idealized plume, identical to the target model, it will usually not be that well-known in a real experiment. We don't expect this to be a problem to the applicability of the instantaneous phase measurements, however we need to make sure that the waveforms do not differ by more than a quarter of a wavelength for a meaningful measurement. A multiscale approach might therefore prove useful, starting the inversion at longer periods and increase the frequency at later iterations, when the long-wavelength structure has been adjusted.
Possible sharp amplitude contrasts between plume and surrounding mantle are likely to be not perfectly recoverable due to the smoothing that is applied to the gradient of the misfit function, however the perturbation magnitude of a plume itself should be recoverable even deep in the mantle. The strong constraints on the shape of the plume require a correct magnitude to explain the amplitude of the direct as well as the plume-diffracted waves.
Eventually, to assess whether imaged structure in an inversion using adjoint techniques is well-resolved, a resolution analysis based on Hessian kernels can be performed (Fichtner & Trampert 2011) .
D I S C U S S I O N A N D C O N C L U S I O N S
We confirm that cross-correlation traveltime shifts for an idealized mantle plume conduit are affected by wavefront healing when the plume conduit is significantly narrower than the width of the first Fresnel zone. As the plume diameter increases to the width of the first Fresnel zone, wavefront healing becomes negligible.
We have demonstrated that an idealized plume conduit of diameter d = 300 km cannot be imaged tomographically when simple P-wave traveltime shifts, measured at a domiant period of T = 25 s, are used. Despite an idealized source-receiver distribution and the use of iterative fully 3-D inversion techniques, the lower mantle part of the plume remains largely unresolved. This result is scalable to the case of shorter wavelengths and thinner plumes, because the influence of wavefront healing on cross-correlation traveltimes depends on the ratio of plume diameter d to the width of the first Fresnel zone d F (Hung et al. 2001; Baig et al. 2003) . The tomographic result using T = 25 s waves to image a d = 300 km plume is therefore considered similar to the use of T = 3 s waves to image a d = 100 km plume, as the respective ratios d/d F are comparable. For teleseismic P-waves, traveltime measurements on real data can be realistically made down to periods of T = 1 s. This translates into a width of the first Fresnel zone in the deep lower mantle of approximately 300 km and implies that traveltime measurements of plumes considerably smaller than 300 km will be strongly affected by wavefront healing. In the case of teleseismic S-waves, real-data measurements can be made at periods down to approximately T = 10 s, resulting in a maximum Fresnel zone width of about 700 km.
Under the assumption that our idealized plume conduit is a reasonable model for a real plume conduit, we conclude that it is not possible to obtain well-resolved tomographic images of narrow plume conduits in the lower mantle using simple cross-correlation traveltime measurements of main body wave phases, even when finite-frequency kernels are used. Possibly existing lower mantle plume conduits will have to extend several hundreds of kilometres in diameter to not be affected by wavefront healing. This result agrees with Hwang et al. (2011) , who conclude that deep plumes are seismically invisible based on traveltime measurements of shear waves.
We explain the limited resolution of simple cross-correlation traveltime shifts, even when finite-frequency kernels are used, with the fact that a single cross-correlation traveltime measurement cannot capture the details of the interaction between diffracted and direct waves. The measured time shift is implicitly assumed to be constant over the whole measurement window. Consequently, the iterative procedure converges towards an anomaly whose dimensions are determined by the size of the first Fresnel zone, and smaller structures cannot be constrained.
We demonstrated that the tomographic result can be improved by using a misfit based on the instantaneous phase difference, which is a time-dependent, amplitude-independent measure of phase differences between two signals. By capturing the time-dependent interference between direct and diffracted waves, it provides more information compared to simple traveltime shifts. It can be applied to arbitrary measurement windows, and the amplitude-independence ensures that small-amplitude parts of the signal contribute with an equal weight as the main phase to the Fréchet kernel. Inverting the instantaneous phase difference instead of cross-correlation traveltime shifts for the P-wave window only already results in a significantly improved tomographic image of the mantle plume. Local variations of the phase shift within the P-wave window are extracted and mapped into the Fréchet kernel, constraining the plume tighter. Still we cannot completely separate direct and diffracted waves, and the lowermost part of the plume is not well-constrained.
The plume can be recovered almost completely in shape as well as in amplitude when we extend the measurement window to include later-arriving diffracted waves, which are difficult to capture with simple cross-correlation measurements. With the instantaneous phase, their information can be extracted despite their small amplitude, and they contribute strongly to the total value of the misfit function. These diffracted waves constrain the shape of the plume well even at depth. The Fréchet kernel for a source-receiver pair recording a later-arriving diffracted wave has the highest sensitivity in higher-order Fresnel zones, allowing for better spatial constraints on the plume due to their finer structure compared to the first Fresnel zone. The instantaneous phase misfit together with a measurement window sufficiently long to capture the diffracted waves thus allows the imaging of deep, narrow plume conduits, at least within the idealized setup of this synthetic study.
We consider the instantaneous phase misfit a well-suited choice for our purpose of considering diffracted waves in an inversion, as it naturally combines a high resolution in time with amplitudeindependence. Being a pure phase misfit, the measurement is reasonably linear with respect to the model parameters of interest. Other time-and/or frequency-dependent misfits may lead to similar results if they can capture the details of the interference between direct and diffracted waves and assign the low-amplitude diffracted waves a sufficiently high weight in the misfit function.
We have successfully applied the instantaneous phase misfit within the framework of this idealized synthetic experiment. We have also shown that the method is still applicable in the presence of random and correlated noise due to, for instance, unknown crustal structure, even when the noise completely conceals the small-amplitude diffracted waves. However, an application of the method in a real seismic experiment is likely to pose additional challenges. What might be the most limiting factor is the distribution of events and receivers in many plume-suspected regions. Care should be taken to ensure a ray coverage which is as dense and unbiased as possible to prevent the appearance of artefacts in the tomographic model. To deal with a not well-constrained mantle model (apart from a possible plume), it might be helpful to use a multiscale approach and begin the iterative procedure at lower frequencies. Once the long-wavelength structure of the mantle has been adjusted, the frequency content can be increased in later iterations. To assess the resolution of specific features in a tomographic model, a resolution analysis based on Hessian kernels can be performed (Fichtner & Trampert 2011) .
